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NOMENCLATURE 
A Area of the shaft’s cross-section  [mm2] 
a, b, c Radii in an interference fit [mm] 
c, ci 
 
External and internal viscous damping coefficients [Ns/mm ] 
ceq Equivalent viscous damping coefficient [Ns/mm ] 
cis, cim Structural and material internal damping coefficients [Ns/mm ] 
d Diameter of the interference fit (nominal) [mm] 
dS, dH Diameter of the shaft and hub in an interference fit [mm] 
E Young Modulus [N/mm2] 
E’, G’ Composite modulus of elasticity and composite shear modulus [N/mm2] 
f(t) External force [N] 
Fa Axial force [N] 
Ff Friction force [N] 
FfCoulomb Coulomb friction force [N] 
FfHysteretic Hysteretic friction force [N] 
FfLuGre LuGre friction force [N] 
FfViscous Viscous friction force [N] 
FN Normal force [N] 
Ftan Tangential follower force [N] 
h Hysteretic damping coefficient [N·rad/m] 
I Moment of inertia [kg·mm2] 
k 
 
Stiffness [N/mm] 
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K Interface stiffness [GPa/micron] 
k* Complex stiffness 
 
[N/mm] 
KXY, KYX  Cross-coupled stiffness coefficients [N/mm] 
L Length of the interference fit [mm] 
m 
 
Mass [kg] 
p Pressure at the interference fit interface [N/mm2] 
q(x) Load distribution at the interference fit [N/mm] 
r Whirl radius [mm] 
R Reflection of ultra-sound wave [V] 
Wd Energy dissipated by damping per cycle [J] 
X Amplitude of vibration [mm] 
zi Acoustic impedance of material i [Rayls] 
(x,y) 
 
Fixed coordinates of the Jeffcott rotor - 
z=x+jy Complex variable of the fixed coordinate system - 
(ξ,η) 
/¡ 
Rotating coordinates of the Jeffcott rotor - 
u=ξ+jη 
 
Complex variable of the rotating coordinate system - 
Ƒ𝒉 Internal hysteretic friction force [N] 
Ƒ𝒊 Internal friction force [N] 
Ƒ𝒗 Internal viscous friction force [N] 
δ Amount of interference [mm] 
ζ 
 
Damping ratio - 
η 
 
Loss factor   - 
λ Normal approach or penetration - 
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μ 
 
Dry friction (Coulomb) coefficient - 
μs, μd  
 
Static and dynamic friction coefficients - 
ν Poisson’s coefficient - 
ρ Material density [kg/m3] 
Ω 
 
Shaft rotating speed [rad/s] 
ω 
 
Whirling speed [rad/s] 
ωd 
 
Damped natural frequency [rad/s] 
ωn 
 
Natural frequency  [rad/s] 
Ωthreshold 
 
Threshold speed of instability [rad/s] 
𝜖 Unbalance or eccentricity [mm] 
 
-x- 
 
 
ABSTRACT 
When rotors operate in a supercritical regime, a phenomenon known as 
rotordynamic instability may occur. This can be brought about by internal friction 
occurring both in the material and in the structural elements, and it is a cause of 
self-excited lateral vibrations. Rotors containing an interference fit are particularly 
prone to such instabilities, so the interest arises, for the formulation of a predictive 
mathematical model that permits a dynamical study of the system. The main 
difficulty, however, resides in the characterisation of the internal damping 
coefficient. Therefore, the aim of this thesis is to develop a strategy to determine 
this damping coefficient. This can be then substituted into a suitable rotordynamic 
model to make simulations, predictions and verify the system’s stability. 
The first step is to select an appropriate predictive model for a built-up rotor, which 
takes into account the internal damping present at the interference fit. Then, the 
parameters should be determined in the most accurate way, in particular the 
internal damping coefficient. This model can then be used to run simulations and 
predict potential problems, what would be particularly useful in the branches of 
design and construction of rotors. 
The Jeffcott Rotor model with linear viscous internal damping is selected as the 
overall model of the system for two main reasons. First, the friction mechanism 
in the interference fit can be analysed independently and then easily transformed 
into an equivalent viscous coefficient. Secondly, it is a linear model, what enables 
the superposition of different friction mechanism working simultaneously. This 
characteristic is particularly valuable if the model wants to be expanded to include 
other factors that have been excluded in this paper. 
For the interference fit, two models have been proposed, for macro- and micro-
slip friction. Both are appropriate descriptions and can be converted into an 
equivalent viscous coefficient. Emphasis is also made on parameter identification 
methods, especially for the determination of interface pressure, stiffness and the 
coefficient of friction. Working with accurate parameters is the key for a 
successful model, to make precise and useful predictions.
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1. INTRODUCTION AND MOTIVATION 
Rotordynamic instability is a common cause of failure in built-up rotors operating 
at supercritical speed, due to the phenomenon of internal damping. Material and 
structural internal friction inherent in an interference fit may provoke self-excited 
lateral vibrations that can have a destabilising effect on a rotor. In particular, 
relative rubbing in interference fits is the main cause of internal friction. Yet, 
internal damping is difficult to model and most especially to quantify.  
The aim of this master’s thesis is to develop a strategy to determine quantitatively 
the value of the internal damping coefficient present in a rotating interference fit. 
Identifying a method to establish this parameter is essential in the forthcoming 
stability verification of a rotordynamic system, which can help avoid dangerous 
and costly wreckages to machinery.  
Instabilities caused by internal friction are a widely investigated topic. However, 
few researchers propose suitable rotordynamic models whose parameters can 
be experimentally established, so they are not useful to make predictions on real 
set-ups. Therefore, the need for a predictive model, which allows for the analysis 
of potential instabilities, arises. This would be particularly useful in the design and 
construction phases of a built-up rotor, to locate and avoid potential instabilities 
without the need of expensive and destructive experiments on prototypes.  
The process to verify rotordynamic stability is described in the following diagram. 
The first action is to quantify the necessary parameters of the real rotor either by 
direct experimental measurements or through analytical methods. These are then 
substituted into a suitable mathematical model to run simulations and make 
calculations that will provide information on the behaviour of the system. This 
methodology is then useful to make hypothesis and predictions by varying certain 
parameters. The final step is the verification of the results and predictions by 
running an experiment on a real test-rig. 
-2- 
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Figure 1.1: Proposed strategy for stability analysis 
In order to follow the mentioned procedure it is vital to select a mathematical 
model that describes the system adequately, and then explain how to obtain its 
parameters. In this paper, an effort is made to find a suitable model that 
accurately represents both the rotor and the interference fit. This model needs to 
combine the rotordynamic behaviour of the rotor with the structural friction at the 
joint.  In addition, the friction present in the union must be characterised in a way 
that will allow for the experimental determination of the damping coefficients.  
The structure of this thesis tries to guide the reader through the process followed 
while determining the strategy. The first part centres on defining some key 
rotordynamic concepts, to provide background knowledge on the subject. In 
particular, it explains rotordynamic instability, the types of internal friction and how 
they can lead to lateral vibrations. The modes of vibration present in rotors are 
also reviewed, where emphasis is made on the self-excited lateral vibrations 
induced by internal friction.  
Then, the concept of friction is described in detail and different generic friction 
models are outlined, considering both the micro- and macro-slip cases. The 
models are expressed in their most general form, through single degree of 
freedom models made up of a lumped mass, a spring and a damping element. 
Despite their simplicity, they are useful tools to understand the nature of each 
type of friction, so that later the most suitable model can be chosen. A generic 
model for the rotor is also described, taking the Jeffcott Rotor as basis and then 
adding the effect of internal friction.  
The subsequent section provides a detailed description of an interference fit, 
focusing on relevant characteristics such as the friction mechanisms present and 
how they can be modelled and measured, as well as the pressure distribution 
present. An empirical method to measure real interface pressure is also 
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proposed. Besides, the influence of a fit in the overall stiffness is commented and 
a procedure to determine its value is explained. 
After the thorough explanation of the system and the possible ways in which it 
can be characterised, comes the selection of the most suitable models and some 
additional considerations, which should be made to obtain the best possible 
results from the predictive model. Finally, the models are evaluated, to 
understand the advantages and limitations that they offer. 
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2. STATE OF THE ART 
The history of rotordynamics dates back almost two centuries, however, it was 
not until 1919 when Henry Jeffcott made the first simplified model of a rotor, that 
the behaviour of rotating bodies was truly analysed. Thanks to his research, it 
was determined that rotors were capable of working correctly, even above the 
first critical speed, if rotor unbalance was taken care of. [28]  This was the 
beginning of supercritical turbomachinery. [54] 
 
Figure 2.1: Timeline of rotordynamics history [25] 
However, operations at supercritical speed proved to cause distasteful 
instabilities in the lateral vibration mode. In particular, in the early 1920’s 
supercritical instabilities in built-up rotors were first observed. In 1924 Dr. A.L. 
Kimball and Dr. B.L. Newkirk, workers at the General Electric Company (GE), 
were appointed to analyse the causes of such damages [49]. Kimball revealed 
that internal friction was a cause of rotordynamic instability and explained how its 
effect varies according to speed. He also determined that internal friction was 
-5- 
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most significant in built-up rotors due to the effect of the interference fit. [30] 
Newkirk complemented and verified Kimball’s explanations and identified shrink 
fits as the main cause for instability. [37] 
Together, Kimball and Newkirk came upon some very significant conclusions in 
relation to rotordynamic instability at supercritical speeds. In particular, they 
discovered that such vibrations only take place in built-up rotors and that the 
whirling always occurs above the first critical speed. Besides, they indicated that 
the threshold speed of instability is not affected by rotor unbalance but does 
depend on the external-to-internal damping ratio. [27] 
Since then, many other scientist and engineers have investigated this field. In 
1976, H. Black came up with different internal friction models to analyse the 
stability of flexible rotors. In particular, he proposed viscous, coulomb and 
hysteretic friction models, where each predicted a different behaviour to the 
beginning of the instability, also known as the threshold speed of instability. The 
viscous friction model stated that the instability would arise at a speed greater 
than the critical speed of the system. However, with the coulomb friction, 
instability is bound to occur right after crossing the critical speed. Finally, 
according to the hysteretic model there is a limited range where instability occurs. 
[27] These differences are illustrated in the following diagrams.  
 
Figure 2.2: Corresponding instability thresholds as proposed by H. Black 
Both R. Gasch (1975) and A. Muszynska (2005) have used the viscous friction 
model to explain the behaviour of rotors and to predict the threshold speed of 
instability. [22][36] They have come up with a simple representation of internal 
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friction, where they assimilate it to a dashpot that rotates at the whirling speed, 
whereas the external friction is a static dashpot (see Figure 2.3). Besides, in both 
their books, they have determined that the threshold speed of instability depends 
upon the internal-to-external damping ratio, as seen in Figure 2.4. Although 
current researchers have determined that internal friction is predominantly 
hysteretic [49] the viscous model is still widely used since it is mathematically 
simple to work with and can still adequately be used to study many of the 
performances taking place.  
 
Figure 2.3: Representation of the viscous friction model [36] 
 
Figure 2.4: Stability map of a rotor with internal damping [36] 
Additional insight in the topic of internal friction modelling can be found in the 
book “Rotordynamics of Turbomachinery” (1988) by J.M. Vance. In it, he 
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describes the theory that Gunter developed in 1965 - how a follower force induced 
by cross-coupled stiffness can indicate the effect of internal friction. The bending 
of the rotor shaft in the radial direction generates a tangential force, proportional 
to the deviation. This force leads the shaft into whirling in an orbital motion and 
hence causes the instability. [53] However, in his newest book “Machinery 
Vibrations and Rotordynamics” (2010), other possible models are commented. 
[54] After further research on the subject, it has been found that material internal 
damping, which is hysteretic, is best described using a complex elastic factor and 
a loss coefficient, whereas the structural damping present in interference fits is 
best modelled by internal moments caused by friction forces. [27] 
Nevertheless, Dr. J.M. Vance is still carrying out the most recent research in this 
field, along with his team at the Turbomachinery Laboratory in Texas A&M 
University. They are investigating methods to predict the threshold speed of 
instability, using diverse experimental and theoretical analyses, which they have 
recently presented at the International Symposium on Stability Control of Rotating 
Machinery (ISCORMA; 2007) or at the American Society of Mechanical 
Engineers (ASME Turbo Expo: Power for Land, Sea and Air; 2008). In particular, 
two papers deal with a similar topic as the one covered here. They are the works 
of A. Srinivasan and S.M.M. Jafri, which discuss rotordynamic instability in built-
up rotors. 
In his thesis “The Influence of Internal Friction on Rotordynamic Instability”, A. 
Srinivasan (2003) investigates the effects of shrink fits on the threshold speed of 
instability. His main aim is to develop a methodology to determine when instability 
in a built-up rotor will occur. Besides, he tries to distinguish between destructive 
and non-destructive subsynchronous vibrations, as well as studying the impact 
of foundation stiffness and unbalance on the threshold speed. Everything is then 
supported by experiments, using a test rig where the shrink fit is obtained through 
a tapered sleeve. [49] 
Similarly, in the dissertation “Shrink Fit Effects on Rotordynamic Instability: 
Experimental and Theoretical Study”, S.M.M. Jafri (2007) complements the 
previous study made by Srinivasan. However, while Srinivasan models internal 
friction as a follower force caused by cross-coupled stiffness coefficients, Jafri 
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proves that this modelling is physically incorrect, so he prefers to work with the 
internal moments model. Nonetheless, he eventually concludes that the results 
obtained by both models are similar so the added accuracy and complexity of the 
internal moments model does not provide many advantages. [27] 
Both these papers deal with the effect of interference fits on rotordynamic 
instability but they do it in a contrasting way to that proposed by this thesis. They 
carry out destructive trials on a test-rig and then try to infer the parameters of the 
system by modifying a mathematical model until the simulation matches the real 
measured data. On contrast, the objective here is to formulate a predictive model 
that includes internal damping and then find a way to quantify the parameters in 
a non-destructive way. This makes it possible to run simulations that will help 
predict the behaviour of a real rotor. Only at the end should an actual experiment 
on a test-rig be made, to verify the results. 
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3. ROTORDYNAMICS 
Rotordynamics is the branch of mechanics that deals with the study of rotating 
machinery. [36] It investigates the complex behaviour of rotating bodies, but since 
its scope is so wide, the following sections try to clarify some key concepts related 
to this case. In particular, it is important to define the terms rotordynamic 
instability and internal friction, which are recurring topics in this paper.  
3.1. Stability in Rotordynamics 
Rotordynamic stability is a widely researched topic, since instabilities in rotating 
components can cause serious damage to machinery that tends to operate at 
high speeds above its first critical speed. Hence, it is important to analyse and 
determine the diverse factors responsible for such instabilities in order to diminish 
their effects and terrible consequences.  
Most importantly, rotordynamic instability should not be confused with resonance. 
In a resonance, the amplitude of vibration reaches a maximum at the critical 
speed, but then decreases to normal standards after passing that speed. 
However, by definition, in an unstable system, the amplitude of vibration 
increases without limit after having passed through the threshold speed of 
instability, causing damaging consequences. [54] 
 
Figure 3.1: Representation of rotordynamic instability [22]  
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Instabilities are commonly exteriorised as an orbital movement of the shaft, also 
known as a whirl, where the orbit represents the planar movement made by the 
rotor’s centre during lateral vibration. It is useful to analyse the frequencies 
present during whirling, since this allows for the identification of the source of 
vibration. There are two main types of vibrations, taking into account the 
difference between the rotor rotational speed Ω and the whirling speed ω: 
synchronous and non-synchronous vibrations. [54] 
Synchronous vibrations take place when the whirling speed is equal to the 
rotating speed, i.e. ω=Ω. Such vibrations are mostly caused by rotor unbalance, 
since the centrifugal force that causes the instability rotates at the same speed 
as the shaft. This is the most common source of rotordynamic instability but its 
impact is reduced relatively easily after balancing the rotor. 
Non-synchronous vibrations, which are less common, can further be 
classified into supersynchronous (ω>Ω) and subsynchronous vibrations (ω<Ω).  
For instance, shaft misalignment may cause supersynchronous instabilities, as 
well as variations in nonlinear parameters such as force coefficients. However, 
the most dangerous is subsynchronous rotor whirling caused by internal friction, 
since its cause is difficult to determine and they are less easily counteracted.  
 
Figure 3.2: Waterfall plot with subsynchronous vibrations [55]  
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3.2. Internal Damping 
In rotordynamics, the term internal damping or internal friction has an ambiguous 
definition. Its concept encloses different sources of energy dissipation considered 
internal to the rotating system, generally classified into material internal damping 
and structural internal damping.  
Material internal damping refers to the energy dissipation caused by the 
extensions and contractions taking place in the material fibres due to deformation. 
[25] In metals, such dissipation is so small in comparison to other sources of 
internal damping, that it is usually negligible. However, viscoelastic and 
composite materials are increasingly being used to manufacture shafts, and in 
this case, material internal friction seems to have a more significant influence so 
it should not be disregarded. [26] 
 
Figure 3.3: Hysteresis loop [51] 
Structural internal damping refers to the energy dissipation caused by 
rubbing between rotating components of a machine. In contrast to external 
friction, which occurs between mobile and fixed elements, internal friction 
depends on the relative velocity between moving components. [36] This type of 
friction has a considerable impact on built-up rotors –those containing 
interference fits– and is therefore not negligible. It is estimated that over 90% of 
the energy dissipation in a mechanical system comes from structural damping, 
since the material internal damping tends to be small. [8] In fact, already in 1924 
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Dr. A.L. Kimball and Dr. B.L. Newkirk identified structural internal friction as a 
cause of rotor damage in built-up rotors. [27]  
This paper centres uniquely on the structural internal friction and its effect on 
rotordynamic instability, analysing the particular case of an interference fit. The 
influence of material internal damping is out of the scope of this thesis.   
 
3.3. Effect of Internal Damping on Rotordynamic Instability 
Internal damping, or friction, is known to be a cause of rotordynamic instability. It 
occurs between rotating components, so its magnitude and direction are 
proportional to the relative velocity of the components and not the absolute 
rotating speed of the shaft. Therefore, depending on the relative speed, the 
internal friction force will have a positive damping effect on the system or a 
negative destabilising one. [53] 
3.3.1. Follower force 
This can be explained analytically using Gunter’s idea of a follower force created 
by the viscous strain-stress relationship. The deformation of the shaft induces a 
tangential force which depends on the viscous internal damping, the relative 
speed of the shaft and the whirl radius r causes the whirling of the shaft force. 
[54] 
𝐹𝑡𝑎𝑛 = 𝑐𝑖(𝛺 − 𝜔)𝑟  (1) 
 
 
Figure 3.4: Tangential follower force in a built-up rotor [29] 
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When the rotor whirls at a speed smaller than the shaft’s rotating speed (Ω>ω) 
the relative speed is positive, inducing a destabilising friction force in the direction 
of the whirl and enhancing subsynchronous vibrations. Instead, when the whirling 
speed is greater than the shaft rotation (Ω<ω) the relative speed is negative, so 
the friction force acts in the opposite direction to the whirling creating a damping 
effect. [54] 
 
Figure 3.5: Representation of follower force a) Stabilising b) Destabilising [29] 
Since the rotor is known to whirl at the damped natural frequency ωd, and the 
level of damping tends to be small, the following approximation can be made [53]: 
𝜔𝑑 = 𝜔𝑛√1 − 𝜁2 ≅ 𝜔𝑛  (2) 
Therefore, the expression for the destabilising force becomes: 
𝐹𝑡𝑎𝑛 = 𝑐𝑖(𝛺 − 𝜔𝑛)𝑟  (3) 
This expression demonstrates the fact mentioned earlier, which states that 
rotordynamic instability takes place in rotors operating at supercritical speed, 
which coincides when the internal friction acts in a destabilising way. 
3.3.2. Cross-coupled stiffness coefficients 
Gunter’s follower force is also frequently expressed by cross-coupled stiffness 
coefficients, which ensure that the force is tangential to the orbit and that any 
displacement in one direction induces a force in the other direction. It is assumed 
that the displacements are small, so the tangential force can be linearly 
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proportional to the displacement of the rotor. This hypothesis is the basis for all 
the linear models. [54] 
The components of the follower force, in the X-Y frame are expressed as 
𝐹𝑋 = −𝐾𝑋𝑌𝑦 𝐹𝑌 = 𝐾𝑌𝑋𝑥 (4) 
Where the coefficients must guarantee the symmetry of the stiffness matrix, thus 
following 𝐾𝑋𝑌 = −𝐾𝑌𝑋. [53] 
The combination 𝐾𝑋𝑌 > 0 and 𝐾𝑌𝑋 < 0 causes the resultant follower force to be 
in the direction of the whirl, thus destabilising the system. This is illustrated in the 
diagram below. [49] 
 
Figure 3.6: Cross-coupled stiffness destabilising force, as in [53] 
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4. MODES OF VIBRATION OF ROTORS 
During rotation of the shaft, perturbations in the form of vibrations take place. 
Their nature depends on a variety of factors, including the source of the vibration, 
the direction of the movement, or whether they are damped or undamped. The 
following classifications try to provide an overview of the various types of 
vibrations most commonly found in rotordynamic systems.  
4.1. Classification of Vibrations 
4.1.1. By excitation mechanism 
The classic way to identify vibrations is according to the stimulus that causes 
them. [20]  
Excited or forced vibrations are caused by an external force acting upon 
the system. The most common example are vibrations induced by rotor 
unbalance, where the centrifugal force acts as the exciting external force. 
Free vibrations come as a result of a quick impact which excites the 
system. Then it is allowed to act freely, vibrating at its natural frequency. 
Self-excited vibrations are mainly caused by internal mechanisms such as 
friction or surrounding fluids. They need a constant energy supply to sustain the 
vibration and a feedback mechanism to transmit the energy. These vibrations 
tend to have constant amplitude and they always vibrate at the damped natural 
frequency, which is close to the first critical speed. [29] Such vibrations are typical 
in rotating systems, where the rotational energy of the rotor acts as the constant 
energy supply required.   
4.1.2. By direction of movement 
Vibrations can also be classified according to the direction of movement. The 
vibration can cause a torsional, an axial or a lateral motion of the shaft as seen 
in the diagram below. Of the three, lateral vibrations are the most significant in 
the ambit of rotordynamic instability, since they spread to other non-rotating 
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components and neighbouring machinery, causing damage to the machine 
foundations or support material. [36] 
 
Figure 4.1: Rotor vibration modes [36] 
4.2. Self-Excited Lateral Vibrations 
It can be noted that internal friction causes self-excited lateral vibrations, where 
the rubbing between structural components, or the material deformation, act as 
the energy transfer mechanisms. These vibrations occur when a rotor operates 
at supercritical speed and the whirling frequency is equal to the first damped 
natural frequency. In a rotordynamic system, the continuous energy supply 
needed to uphold the self-excited vibrations comes from the rotational energy of 
the rotor. [36] 
 
Figure 4.2: Energy transfer mechanism in self-excited vibrations [36]  
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When vibrating in the transverse or lateral direction, the shape taken by the shaft 
can be described by a harmonic function. In reality, it is better approximated by 
the superposition of different harmonics. The following geometries represent the 
first three modes of lateral vibration. [8] 
1st mode 
 
2nd mode 
 
3rd mode 
 
Figure 4.3: First three modes of lateral vibrations [8] 
To study lateral vibrations it is useful to measure the planar movement of the 
shaft in order to map the orbital trajectories made by the centre of the disk. This 
can be done taking data from the horizontal and vertical directions (or any two 
orthogonal directions perpendicular to the rotating axis). 
 
Figure 4.4: Lateral orbiting - vertical and horizontal measurements [36]
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5. FRICTION 
5.1. Understanding Friction 
Friction is an intricate phenomenon which is difficult to model, since it depends 
on numerous factors. There are many friction models available, most of which 
are empirical, i.e., derived from experimental observations, so only suitable for 
representing precise conditions. [4] To date, no model is capable of explaining all 
features of friction completely. Therefore, it is necessary to determine the nature 
of the precise energy-dissipating friction mechanism present in the system before 
selecting the most adequate model.   
To oppose relative motion, friction force increases up to a maximum value 
(generally known as static friction) before the sliding occurs, and then decreases 
to an approximately constant value of kinetic friction. Therefore, the overall sliding 
regime can be divided into two parts: the pre-sliding or micro-slip and the sliding 
or macro-slip phases. [40]  
 
Figure 5.1: Sliding regimes [4] 
Often, models only represent one of the two sliding regimes, either the micro- or 
the macro-slip. However, one way to model the combined behaviour is to use the 
static and dynamic friction coefficients.  
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5.2. SDOF Models 
Mathematical models are used to represent reality in a simplified and practical 
manner that allows for the study and prediction of a system’s behaviour. They are 
useful tools to solve and understand the dynamics of mechanical problems. [54] 
A single-degree-of-freedom (SDOF) model is the simplest possible 
representation of a mechanical system. [54] This model usually consists of a 
lumped mass, a spring and a damping device, which can be described using 
multiple formulations. Changing the nature of this energy-dissipating mechanism 
allows for the correct characterisation of the damping.  
By assimilating a real system to a model and analysing the equation of motion, it 
is possible to predict and understand its dynamics. Despite the simplicity of SDOF 
models, they are still widely used, since most times they provide enough relevant 
information for an analysis. [8] Besides, most complex models with multiple 
degrees of freedom are based upon these simple models, so it is convenient to 
understand the reasoning behind them, as well as their advantages and 
limitations. 
 
5.3. Macro-Slip Friction Models 
Mechanical systems tend to have numerous energy-dissipating mechanisms 
acting simultaneously. However, for the sake of simplicity, it is assumed one of 
these is predominant, so most models work only with one source of damping.  
When the relative displacement between the contact surfaces is large enough to 
be considered a macro-slip, the damping present is typically described as either 
viscous, dry friction (or Coulomb) or hysteretic. [18] The following models take 
into account these different damping mechanisms, embedding them into a SDOF 
lumped parameter model. 
5.3.1. Viscous friction model 
Viscous friction takes place between a fluid and a solid, or between fluids, and it 
is also the most common representation of viscoelastic materials. It is a simple 
mathematical model since it assumes that the friction force is directly proportional 
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to the speed and opposed to it, where constant c is the viscous coefficient. 
Therefore, the viscous friction force is a linear function of velocity. 
𝐹𝑓𝑉𝑖𝑠𝑐𝑜𝑢𝑠 = −𝑐?̇? 
 (5) 
 
This friction tends to be represented by the Kelvin-Voigt model or viscoelastic 
model, made up from a spring and a damper in parallel, to take into consideration 
both the stiffness and the damping of the material. The equation of motion that 
governs this model is [1] 
𝑚?̈? + 𝑐?̇? + 𝑘𝑥 = 𝑓(𝑡)  (6) 
 
Figure 5.2: Viscous friction model 
5.3.2. Coulomb friction model 
Coulomb friction or dry friction occurs between sliding and rubbing surfaces, 
causing dissipation of kinetic energy. The friction force is proportional to the 
normal force between surfaces and is independent of speed, although it is 
affected by its sign. Due to the non-linearity of this expression, this model may be 
mathematically difficult to work with. [3] 
Usually, two friction coefficients can be used in this equation: the static μs and the 
dynamic μd, where μs > μd. The static friction force is needed to provoke imminent 
sliding, whereas the dynamic friction force is required to keep the relative 
movement during gross sliding. [10] 
𝐹𝑓𝐶𝑜𝑢𝑙𝑜𝑚𝑏 = 𝜇𝑁
?̇?
|?̇?|
= 𝜇𝑁𝑠𝑔𝑛(?̇?)  (7) 
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The physical model used to represent this type of friction tends to include a spring 
and a sliding mass, as can be seen in the figure below, where the equation of 
motion is [1] 
𝑚?̈? + 𝜇𝑁𝑠𝑔𝑛(?̇?) + 𝑘𝑥 = 𝑓(𝑡)  (8) 
 
Figure 5.3: Coulomb friction model 
5.3.3. Hysteretic friction model 
Hysteretic damping represents the energy lost during a deformation by the 
internal fibres in a material. It can be represented as the area of the hysteretic 
curve in the strain-stress diagram. This type of damping is frequency-
independent and it is the most accurate representation of the phenomena 
occurring during material internal damping. 
One way to model this type of friction is by assuming a spring with a complex 
stiffness 𝑘∗ = 𝑘(1 + 𝑗𝜂), where the imaginary part accounts for the energy loss 
caused by the material damping, expressed in the terms of the loss factor η. [1] 
𝑚?̈? + 𝑘(1 + 𝑗𝜂)𝑥 = 𝑓(𝑡) (9) 
𝑚?̈? + 𝑘∗𝑥 = 𝑓(𝑡) (10) 
It is also possible to model it using the equivalent viscous damping form, to obtain 
a linear approximation, where the hysteretic damping coefficient h is constant. 
[18]  
𝑚?̈? +
ℎ
𝜔
?̇? + 𝑘𝑥 = 𝑓(𝑡) 
 
(11) 
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Figure 5.4: Hysteretic friction model 
5.3.4. Equivalent viscous model 
Although the viscous friction model accurately describes few systems, it is still 
the most widely used model due to its mathematical simplicity. In fact, a common 
practice is the use of an equivalent viscous damping coefficient that permits the 
conversion from other types of friction coefficients into viscous, in order to simplify 
calculations. [45] This offers the possibility to insert any friction model into a linear 
viscous equation of motion, providing the advantages of both models. 
To calculate the equivalent viscous factor from any other type of friction it must 
be taken into account that it should have the same energy dissipation per cycle 
as the original system being modelled. The energy dissipated per cycle 
corresponds to the area of the hysteresis loop, which can be calculated as [51] 
𝑊𝑑 = ∮ 𝐹𝑓𝑑𝑥 (12) 
In the case of viscous damping, where 𝐹𝑓 = 𝑐?̇?, and assuming that 
𝑥(𝑡) = 𝑋𝑠𝑖𝑛(𝜔𝑡 − 𝜑), the result to this integral becomes  
𝑊𝑑 = 𝜋𝑐𝜔𝑋
2 (13) 
 
So the equivalent damping coefficient is defined as  
𝑐𝑒𝑞 =
𝑊𝑑
𝜋𝜔𝑋2
 (14) 
 
The table below offers a summary of the main types of friction and their 
corresponding equivalent viscous coefficients. 
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Type of friction Expression Equivalent viscous damping 
Coulomb 𝐹𝑓𝐶𝑜𝑢𝑙𝑜𝑚𝑏 = 𝑠𝑔𝑛(?̇?)𝜇𝑁 𝑐𝑒𝑞 =  
4𝜇𝑁
𝜋𝜔𝑋
 
Hysteretic 𝐹𝑓𝐻𝑦𝑠𝑡𝑒𝑟𝑒𝑡𝑖𝑐 = −𝑘(1 + 𝑗𝜂)𝑥 𝑐𝑒𝑞 =
𝑘𝜂
𝜔
=
ℎ
𝜔
 
Viscous 𝐹𝑓𝑉𝑖𝑠𝑐𝑜𝑢𝑠 = −𝑐?̇? 𝑐𝑒𝑞 = 𝑐 
 
Table 1: Summary table for types of friction 
 
5.4. Micro-Slip Friction Models 
Prior to the gross-sliding regime, a phenomenon known as micro-slip takes place. 
It is caused by the deformation of the asperities present between the surfaces, 
as a result of the increasing resistance force. This deformation is responsible for 
the internal energy dissipation. Besides, during micro-slip the loss of contact is 
local and the amplitude of relative displacement is extremely small. When 
vibration takes place at this level, the repetitive rubbing causes fretting fatigue, 
which is a dangerous form of wear. [8] 
A real surface is rough, so the contact only takes place at the asperities. 
Consequently, modelling micro-slip friction is complex, since it must take into 
account the topography of a real rough surface as well as indicate how the 
asperities are deformed. Many researchers have tried to develop accurate micro-
slip models that are able to explain the intricate behaviour of friction, a few of 
which are explained below. 
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Figure 5.5: Microscopic detail of surface [11] 
5.4.1. One-dimensional micro-slip model 
In 2004, Cigeroglu, Lu and Menq proposed a one-dimensional micro-slip friction 
model. [17] They considered the area of contact to be an elastic shear layer that 
would permit a local slip. Besides, they proposed solutions to the general model 
evaluating three normal distribution cases.  
In particular, the model for the concave load distribution is commented here, due 
to the fact that pressure distribution in an interference fit can be described as 
concave, being greater at the edges than in the centre. In this case, the writers 
believe the contact surface can be divided into three sections, according to 
whether stick or slip occurs. [16] This is shown in the following diagram, where 
the areas at the edges suffer from stick, due to the increased pressure, whereas 
at the centre there is relative slip. 
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 Figure 5.6: Model with convex load distribution and three contact regions [17] 
The equations of motion for each of the sections are  
𝐸𝐴
𝜕2𝑢
𝜕𝑥2
− 𝑘𝑢 = 𝜌𝐴𝜔2
𝜕2𝑢
𝜕𝜃2
,              0 ≤ 𝑥 ≤ 𝐿1 
 
𝐸𝐴
𝜕2𝑢
𝜕𝑥2
− 𝜇𝑞(𝑥) = 𝜌𝐴𝜔2
𝜕2𝑢
𝜕𝜃2
, 𝐿1 ≤ 𝑥 ≤ 𝐿2 
(15) 
𝐸𝐴
𝜕2𝑢
𝜕𝑥2
− 𝑘𝑢 = 𝜌𝐴𝜔2
𝜕2𝑢
𝜕𝜃2
, 𝐿2 ≤ 𝑥 ≤ 𝐿 
 
Where the pressure distribution can be approximated by a concave function of 
the sort   
𝑞(𝑥) = 𝑞0 + 𝑞2
4𝑥(𝑥 − 𝐿)
𝐿2
 (16) 
Where q0 is the maximum normal load and q0 – q2 is the minimum. 
A disadvantage to this method is that it does not provide an explicit expression 
for the friction force, so it cannot be inserted into the lumped parameter model of 
the rotor. Besides, determining where each of the stick or slip sections ends and 
begins is also complicated.  
5.4.2. LuGre model 
The LuGre model, developed by researchers of the Lund and Grenoble 
Universities, is mainly used to monitor the dynamics of control applications where 
the stick-slip effect can lead to major precision errors. [6] It is capable of 
explaining the stick-slip effect, since it encompasses the Stribeck effect in which 
the friction force becomes negative at very low velocities. 
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Figure 5.7: Stribeck curve [39] 
The contact surface is defined by a set of bristles that deform as a result of relative 
motion, acting like springs. Their deflection determines the friction force present 
before slipping. [39] 
 
Figure 5.8: Surface characterisation through bristles [39] 
The equations used to model the system are the following [39] 
?̇? = 𝑣 −
|𝑣|
𝐺(𝑣)
𝑍 𝐺(𝑣) =
1
𝜎0
(𝐹𝐶 + (𝐹𝑠 − 𝐹𝑐)𝑒
−(
𝑣
𝑣𝑠
)2
 (17) 
And the expression for the overall friction force is 
𝐹𝑓𝐿𝑢𝐺𝑟𝑒 = 𝜎0𝑍 + 𝜎1?̇? + 𝜎2𝑣 (18) 
Where the parameters represent 
𝑍: Bristle deflection (average) 𝐹𝐶: Coulomb friction force (kinetic) 
𝑣: Relative velocity 𝜎0: Aggregate bristle stiffness 
𝑣𝑠: Stribeck velocity 𝜎1: Damping coefficient 
𝐹𝑠: Striction friction force (static) 𝜎2: Accounts for viscous friction  
 
The major problem with this model is the complex parameter identification, such 
as the bristle deflection or the determination of their stiffness. 
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5.4.3. Olofsson and Hagmann model 
This model, developed in 1997 is a theoretical representation of a rough contact 
between surfaces suffering micro-slip. It is based on a series of assumptions, 
mainly considering the asperities ellipsoidal and with a uniform height distribution. 
Besides, is presumes that the contact is between a smooth and a rough surface. 
[44] 
  
Figure 5.9: Asperities - shape and distribution [43] 
 
After a series of deductions and under the hypothesis that the asperities are 
spherical, the resultant friction force is [43] 
𝐹𝑓 = 𝜇𝑝 [1 − (1 −
4𝐺′𝛿
𝜇𝐸′𝜆
)
5
2
] (19) 
Where E’ is the composite modulus of elasticity and G’ is the composite shear 
modulus, calculated as  
1
𝐸′
=
1 − 𝜈1
2
𝐸1
+
1 − 𝜈2
2
𝐸2
 
1
𝐺′
=
2 − 𝜈1
𝐺1
+
2 − 𝜈2
𝐺2
 (20) 
In order for micro-slip to take place, the following condition must be true 
1 −
4𝐺′𝛿
𝜇𝐸′𝜆
> 0 (21) 
The energy dissipated as a result of micro-slip over a stress cycle is 
𝑊𝑑 =
4
7
[14𝜇𝑝𝛿∗ +
𝑝
𝜇
3
2𝐸′
5
2𝜆
5
2𝐺′
(𝜇𝐸′𝜆 − 4𝐺′𝛿∗)
7
2 −
𝜇2𝐸′𝜆
𝐺′
− 7𝐹∗𝛿∗] (22) 
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𝜇: Friction coefficient 𝛿∗: Initially loaded displacement 
𝑝: Interface pressure 𝐹∗: Initially applied load 
𝜆: Normal approach or penetration   
 
There is a relationship between asperity penetration and pressure that can be 
described by the empirical formula 𝜆 = 𝑐 · 𝑝𝑚, where c=0,0014 for ground/ground 
steel surfaces and m=0,5 for metallic materials. [43] 
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6. ROTORDYNAMIC MODELS  
The aforementioned macro-slip friction models are generic and theoretical 
representations useful to explain the behaviour and main characteristics of each 
type of friction. However, this mass-spring-damper configuration needs to be 
adapted; so that it can adequately represent the lateral vibrations taking place in 
a rotordynamic system. The most widespread model for a rotor is the classic 
Jeffcott rotor, which can be slightly modified to include the effect of internal 
damping.  
6.1. Jeffcott Rotor 
This model of a rotor was developed in 1919 by H. Jeffcott and since then, it has 
been widely used to analyse the behaviour of rotating mechanisms. In its original 
form, it takes into account the effect of unbalance, although it contains no 
reference to internal damping. 
 
 
Figure 6.1: Jeffcott rotor model [52] 
It is a linear two-degrees-of-freedom model, which describes the lateral 
movement of the rotor through the equations of motion in two orthogonal 
directions X-Y perpendicular to the axis of rotation. [2] 
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Figure 6.2: Model to study planar lateral vibrations [2] 
It can be noticed that the basis to this model is the viscous friction model, where 
c corresponds to the external damping present in the foundation of the machine. 
[29]  
𝑚?̈? + 𝑐?̇? + 𝑘𝑥 = 𝑓𝑥(𝑡) 
(23) 
𝑚?̈? + 𝑐?̇? + 𝑘𝑦 = 𝑓𝑦(𝑡) 
 
A useful transformation is to combine both equations into one using the complex 
variable 𝑧 = 𝑥 + 𝑗𝑦, which allows the mapping of the orbits in a polar plot. 
𝑚?̈? + 𝑐?̇? + 𝑘𝑧 = 𝑓𝑧(𝑡) (24) 
It can then be transformed into rotating coordinates  𝑢 = 𝜉 + 𝑗𝜂  to account for the 
movement of the shaft. (See Appendix for further detail) The additional terms 
correspond to the centripetal and Coriolis accelerations. 
𝑚(?̈? + 2𝑗𝛺?̇? − 𝛺2𝑢) + 𝑐(?̇? + 𝑗𝛺𝑢) + 𝑘𝑢 = 𝑓(𝑡) (25) 
 
6.2. Modified Jeffcott Rotor with Internal Damping 
Internal damping has different possible representations, which give way to a 
variety of models. To account for it, the term Ƒ𝒊 has been added to equation (25) 
and its nature will vary according to the model used. [29] 
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𝑚(?̈? + 2𝑗𝛺?̇? − 𝛺2𝑢) + 𝑐(?̇? + 𝑗𝛺𝑢) + 𝑘𝑢 +  Ƒ𝒊 = 𝑓(𝑡) (26) 
 
6.2.1. Linear viscous internal damping 
In this model the internal friction force is proportional to the speed, where ci is the 
internal viscous friction coefficient. [36][29] In rotating coordinates, this is 
expressed as 𝑐𝑖?̇? and 𝑐𝑖?̇?, whose combined complex form is 
Ƒ𝒊 = Ƒ𝒗 =  𝑐𝑖?̇? (27) 
With this type of friction, the equation of motion becomes 
𝑚(?̈? + 2𝑗𝛺?̇? − 𝛺2𝑢) + 𝑐(?̇? + 𝑗𝛺𝑢) + 𝑘𝑢 + 𝑐𝑖?̇? = 𝑓(𝑡) (28) 
Sometimes it is useful to work with the fixed coordinates instead, either with the 
complex form 
𝑚?̈? + (𝑐 + 𝑐𝑖)?̇? + (𝑘 − 𝑗𝑐𝑖𝛺)𝑧 = 𝑓𝑧(𝑡) (29) 
Or with the real fixed coordinates 
𝑚?̈? + (𝑐 + 𝑐𝑖)?̇? + 𝑘𝑥 + 𝑐𝑖𝛺𝑦 = 𝑓𝑥(𝑡) 
(30) 
𝑚?̈? + (𝑐 + 𝑐𝑖)?̇? + 𝑘𝑦 − 𝑐𝑖𝛺𝑥 = 𝑓𝑦(𝑡) 
 
This can also be expressed in matrix form 
[
𝑚 0
0 𝑚
] [
?̈?
?̈?
] + [
𝑐 + 𝑐𝑖 0
0 𝑐 + 𝑐𝑖
] [
?̇?
?̇?
] + [
𝑘 𝑐𝑖𝛺
−𝑐𝑖𝛺 𝑘
] [
𝑥
𝑦] = [
𝑓𝑥(𝑡)
𝑓𝑦(𝑡)
] (31) 
 
Now, due to the consideration of internal damping, both equations are coupled 
by what is known as the cross-coupled coefficients. It should be noted that in fact, 
this model is equivalent to considering the cross-coupled coefficients mentioned 
in § 3.3.2 as being 𝐾𝑋𝑌 = 𝑐𝑖𝛺 and 𝐾𝑌𝑋 = −𝑐𝑖𝛺. Srinivasan used this particular 
representation successfully in his thesis. [49] 
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 Stability analysis 
The stability analysis of this model, after calculating the Eigenvalues, determines 
the following stability criteria, which depends on the critical speed and the 
internal-to-external damping ratio. [22][36] 
𝛺 < 𝜔 (1 +
𝑐
𝑐𝑖
) (32) 
 
Figure 6.3: Graphical representation of instability threshold as in [36] 
This model can be found in numerous Rotordynamic books and research papers 
as basis for dynamic analysis.[22][36] It is widely used due to its simplicity, even 
though structural internal damping is not viscous. The advantage of this model is 
that it can be adapted to the other types of frictions by simply using the equivalent 
viscous coefficients previously mentioned. 
6.2.2. Hysteretic internal damping 
Another possible representation is through the hysteretic friction model. 
Experiments have demonstrated that hysteretic friction is rate-independent, i.e., 
does not depend on friction. [4] The image below shows a hysteretic loop, which 
proves to be the same independently from frequency of excitation. 
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Figure 6.4: Frequency independency in a hysteresis loop [4] 
The nature of the hysteretic friction force can be expressed through the following 
formula, which was proposed by Tondl in 1965. [25] Dividing by the relative 
velocity is a way of eliminating the influence of frequency from the equation. 
Ƒ𝒊 = Ƒ𝒉 =  −ℎ
?̇?
|𝜔 − 𝛺|
 (33) 
Which expressed in fixed coordinates is 
Ƒ𝒊 = Ƒ𝒉 =  −ℎ
?̇? − 𝑗𝛺𝑧
|𝜔 − 𝛺|
 (34) 
 
Where h is the hysteretic constant of the material proportional to the loss factor 
(h=kη). By inserting this expression into the equation of motion of the rotor, we 
obtain the model with hysteretic internal damping [36] 
𝑚?̈? + 𝑐?̇? + ℎ
(?̇? − 𝑗𝛺𝑦)
|𝜔 − 𝛺|
+ 𝑘𝑥 = 𝑓(𝑡) (35) 
  
 Stability analysis 
This equation is slightly more complex than the previous. Solving the 
characteristic equation provides four Eigenvalues, whose real parts are non-
positive when the following applies [36] 
ℎ2𝜔2𝑚 ≤ 𝑘(𝑐|𝜔 − 𝛺| + ℎ) (36) 
Splitting into cases and taking 𝛺 > 0 shows that the equation is when 
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𝛺 < √
𝑘
𝑚
 the rotor is always stable 
 
(37) 
𝛺 > √
𝑘
𝑚
 the rotor is stable only if ℎ ≤
𝑐|𝜔−𝛺|
𝛺
√ 𝑘
𝑚
−1
 
6.2.3. Coulomb internal damping 
A model with Coulomb friction is not proposed, because no suitable 
representation was found which could be adequately used to form a predictive 
model and whose parameters could be realistically identifiable. For example, in 
the book “Linear and Nonlinear Rotordynamics”, Y. Ishida and T. Yamamoto 
attempt to create a rotor model with Coulomb friction. [25] They use a complex 
2-DOF inclination model, where the coordinates represent the angle of inclination 
of the rotor. They also consider the gyroscopic moment and eventually come up 
with a non-linear model, which is too complicated to be used for the purpose of 
this thesis and is therefore not commented in more depth. Still, it is possible to 
consider a system with Coulomb internal damping without an actual model, by 
simply transforming it into an equivalent viscous coefficient and using it in the 
model presented in § 6.2.1.  
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7. INTERFERENCE FITS 
An interference fit is a type of permanent shaft-hub connection in which the hole 
of the rotor is smaller than the shaft to which it must be assembled. In order for 
the pieces to be joined, a deformation takes place, causing a pressure distribution 
between the surfaces in contact.  
 
Figure 7.1: Cross-section of shaft and disc with interference δ [12] 
This type of union is useful since it allows the transmission of torque, as a result 
of the high pressure and friction forces between the tightly pressed surfaces. 
Such unions can be classified into two main types; press fits and shrink fits, 
according to the method of assembly. [47] 
 
Figure 7.2: Cylindrical interference fit [35] 
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In press fits, as the name indicates, the hub is inserted into the shaft by means 
of a large axial force.  In contrast, shrink fits make use of the thermal dilation and 
contraction properties of materials to create the bond. One of the components, 
generally the disk, is heated until it expands and is then inserted into the shaft. 
After cooling, it contracts forming a tight union. With the same level of 
interference, shrink fits have a much greater axial and torsional holding power 
than press fits. [15]  
Numerous parameters influence the strength of a press fit. Most are related to 
the state of the surface (hardness, cleanliness, roughness...) but also to the 
material, the presence or absence of lubrication and most importantly, to the real 
contact pressure, since it is usually not homogenously distributed. [23] 
 
7.1. Friction in an Interference Fit 
Although these unions are ideally rigid, i.e., without any relative motion between 
the parts, it is possible that the surfaces slip slightly against each other, 
dissipating energy. [31] This problem tends to arise especially in rotating 
interference fits, since the centrifugal forces may cause the union to loosen. It is 
this internal rubbing, which has been known to cause the internal friction that 
leads to rotordynamic instability. 
It has been mentioned that the relative motion between the two surfaces can be 
classified into micro- and macro-slip.  By definition, micro-slip is a partial or local 
loss of contact between the surfaces, whereas macro-slip means there is a total 
relative movement of the bodies. [4] Therefore, the small relative movements in 
an interference fit that bring about structural internal friction and have the potential 
to provoke an instability are obviously micro-slips. If a macro-slip were to take 
place, the union would no longer be valid, since it would be incapable of 
transmitting torque. Even so, it is common to use macro-slip static models to 
characterise an interference fit, since they are easier to work with. 
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7.1.1. Macro-slip friction 
If the relative displacement in an interference fit is treated as a macro-slip, the 
best way to describe it is through the Coulomb (or dry friction) model due to the 
lack of lubrication present between the surfaces. The Coulomb friction force is 
proportional to the normal force of contact and independent of speed. Hence, the 
friction force can be expressed as a function of contact pressure, assuming that 
the area of contact is cylindrical. [31] 
𝐹𝑓 = 𝜇𝑁 = 𝜇𝑝𝐴 = 𝜇𝑝𝜋𝑑𝐿  (38) 
Another method used to express the friction at an interference fit is by means of 
the transmitted torque 
𝑇𝑓 =
𝑑
2
𝐹𝑓 =
1
2
𝜇𝑝𝜋𝑑2𝐿  (39) 
In these formulas, it is convenient to use the static friction coefficient µs to 
represent the force needed to start relative movement. [10] Multiple literature 
sources contain tabulated values suitable for an estimation of the friction 
coefficients. These vary according to the shaft material, type of lubrication, state 
of the surface or machining process. For instance, the Norm DIN 7190, which 
details the calculation method for a secure press fit, contains a small table with 
such parameters. [19] 
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 Figure 7.3: Coefficients of friction for design calculations as in DIN 7190 [9] 
7.1.2. Micro-slip friction 
Treatment of friction in an interference fit at a micro-slip scale is in reality more 
accurate, since an actual global slip does not occur. If that were the case, the 
union would completely fail, since it would be incapable of transmitting torque.  
 
Figure 7.4: Deformation during lateral vibrations in the interference fit [36] 
-39- 
7. INTERFERENCE FITS 
 
 
 
However, micro-slip is also more complex to model. Any of the models seen in § 
5.4 could be used for this purpose, amongst many other experimental or 
theoretical models, although the main concern is that the parameters involved in 
the chosen model can be qualitatively determined. 
7.2.  Experimental Measurements 
7.2.1. Measuring the static friction coefficient 
A method to determine the coefficient of friction accurately is proposed by 
members of the University of Niš in Serbia. [50] This test measures the forces 
and displacement acting on a series of sample plates positioned as in the image 
below. 
 
𝜇 =
𝐹𝑎
2𝐹𝑁
 (40) 
Figure 7.5: Sample plates configuration [50] 
The outer plates are pressed to the central one with an established normal force 
FN. Meanwhile, the central plate is pulled with an axial force Fa that is measured 
by a force transducer. The displacement is also measured to help detect when 
the relative movement begins. This is useful to distinguish between the static and 
kinetic friction coefficients. The experimental set-up is shown in Figure 7.6. 
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Figure 7.6: Experimental set-up to measure friction coefficient [50] 
The measured axial force plotted against displacement, as seen in Figure 7.7, 
has a maximum occurring just before the actual macro-sliding takes place. This 
force should be inserted into Equation (40) along with the normal force to 
calculate the static friction coefficient.   
 
 
 
 
 
 
Figure 7.7: Axial force against displacement [50] 
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The plates used must have similar characteristics to those of the real interference 
fit under study (material, surface roughness, lubrication, etc.) so that the resultant 
friction coefficient can be extrapolated and used in the calculations of the real set-
up.  
7.2.2. Measuring the friction force 
So far, all the methods provided to determine the friction force in an interference 
fit try to infer its value through a mathematical model that depends on a series of 
parameters, such as interface pressure or geometrical features. This is because 
a direct measurement is complicated. 
However, in the research paper “Investigation of a Press Fit Joints by the 
Tribology Aspect”, [50] D. Stamenković, S. Jovanović and M. Milošević propose 
an experimental method to measure the real friction force in an interference fit. 
This experiment is to be carried out on a sample containing an interference fit 
with the same characteristics as the real system.  
The first step of this test is to assemble the interference fit. In their case they work 
with a press-fitted joint, although this procedure would work with shrink fits too. 
After leaving the union for a few days to rest, it is then disassembled, while 
monitoring the force and displacement in a similar set-up as that shown in Figure 
7.6. The disk is clasped to keep it fixed, while the shaft is pulled (or pushed) until 
the parts are separated. 
   
Figure 7.8: Measured friction force during disassembly [50] 
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This is a destructive test, in which the friction force is determined after separating 
the fitted parts. Therefore, it is an expensive way of measuring the friction force, 
due to the need of precise prototypes. Besides, since the test is made on a 
sample and not on the real system, the results may differ from one another due 
to the variety of factors affecting, for instance, the state of the surface or the 
tightness of the union. 
 
7.3. Pressure in an Interference Fit 
The pressure distribution along an interference fit is uneven; it is known to rise at 
the edges, since they lead to stress concentrations, and flatten out at the centre. 
[33] 
 
Figure 7.9: Pressure distribution in an interference fit [24] 
This is of particular interest when the interference fit is under flexion, as happens 
during lateral vibrations in which the shaft’s geometry is approximately that of the 
first mode of vibration. 
  
Figure 7.10: Interference fit under flexion [35] 
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Therefore, it is essential to know the pressure present in a fit in order to analyse 
its durability and to calculate the internal friction force. [9] A value for pressure 
can be obtained analytically given a certain level of interference. However, this 
method only provides an average value and does not take into account the 
uneven distribution. On the other hand, it is also possible to acquire the real 
pressure, although this cannot be measured directly. The two procedures are 
now explained in more detail.  
7.3.1. Calculated pressure – Lamé’s Equations 
An approximate value of the pressure between surfaces can be calculated by 
means of Lamé’s Equations. They assume an infinitely long cylinder and are only 
suitable for shafts with a constant section. Besides, they do not take into account 
the rise in pressure at the edges of the union. [32] Still, they are widely used to 
calculate pressure in an interference fit as they have proven to give quite accurate 
values. 
 Same material  Different material 
 
Hollow 
shaft 
𝑝 =
𝐸𝛿
4𝑏
 [1 − (
𝑎
𝑏)
2
] [1 − (
𝑏
𝑐)
2
]
1 − (
𝑎
𝑐)
2  
𝑝 =
𝛿
2𝑏
[
1
𝐸𝑎𝑏
(
𝑏2 + 𝑎2
𝑏2 − 𝑎2
) − 𝜗𝑎𝑏 +
1
𝐸𝑏𝑐
(
𝑐2 + 𝑏2
𝑐2 − 𝑏2
) + 𝜗𝑏𝑐]
−1
 
 
Solid 
Shaft 
𝑝 =
𝐸𝛿
4𝑏
[1 − (
𝑏
𝑐
)
2
] 𝑝 =
𝛿
2𝑏
[
1 − 𝜗𝑎𝑏
𝐸𝑎𝑏
+
1
𝐸𝑏𝑐
(
𝑐2 + 𝑏2
𝑐2 − 𝑏2
) + 𝜗𝑏𝑐]
−1
 
Table 2:Lamé’s equations to calculate pressure in an interference fit [47] 
 
   
𝐸:  Yong’s Module 
𝜗: Poisson’s 
Coefficient 
𝛿: Interference at b 
𝑝: Pressure at b 
  
Figure 7.11:Cross-section of a hub-shaft connection [15] 
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The interference depends on the difference in diameters between the shaft and 
the hub, as well as on the surface roughness. [31] 
𝛿 = (𝑑𝑆 − 𝑑𝐻) − 1,2(𝑅𝑍𝑆 + 𝑅𝑍𝐻) 
(41) 
Where 𝑑𝑆, 𝑑𝐻 are the diameters of the shaft and the hub, and 𝑅𝑍𝑆 and 𝑅𝑍𝐻 are 
the roughness height of the shaft and hub surfaces respectively. 
 
7.3.2. Real contact pressure  
One possible method to measure the real pressure at an interference fit was 
developed by members of the Department of Mechanical Engineering of the 
University of Sheffield in 2005. [32] They came up with a non-destructive 
procedure to measure contact pressure by means of ultra-sonic technologies. By 
measuring the intensity of reflected ultra-sonic waves at the union, they are able 
to map the areas with higher and lower pressure.  
The concept behind this idea is the fact that an ultrasound wave will be 
transmitted through the material but will be reflected when it reaches an air gap. 
Since surfaces are rough and contact is only made at the asperities, the amount 
of reflected rays can be used as an indicator of the interface pressure. This is 
because, the higher the pressure, the fewer air gaps available, so less ultrasonic 
data is reflected. 
 
 
Figure 7.12: Reflection of ultra-sound waves and mechanism used [32] 
They model the surface as a spring with interface stiffness K and they also take 
into account the acoustic impedance of the materials, since that influences the 
level of reflection that will take place. They determine that the reflection depends 
on the interface stiffness according to the following equations. 
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Different materials Same material  
|𝑅| =
𝑧1 − 𝑧2 + 𝑖𝜔(
𝑧1𝑧2
𝐾 )
𝑧1 + 𝑧2 + 𝑖𝜔(
𝑧1𝑧2
𝑘 )
 
|𝑅| =
1
√1 + (
2𝐾
𝜔𝑧)
 
(42) 
  
 
 
 
These formulas relate the reflected ultrasound with the interface stiffness, 
however, this value can then be transformed into pressure, thanks to the existing 
correlation between the two terms. Although, the relation between stiffness and 
pressure is not absolute, it has been experimentally proven that there is a linear 
relationship over a range of pressures. [33] Since the relation differs for every 
pair of materials and experimental conditions, a calibration test must be carried 
out each time to obtain the correlation function. 
Figure 7.13: Calibration equipment and Stiffness-Pressure Correlation [32] 
Their results prove to be coherent with those obtained using the classical Lamé’s 
equations, but they provide more accurate information about the pressure 
distribution along the union.  
𝐾: interface stiffnes 
𝜔 = 2𝜋𝑓: angular frequency of the ultrasound wave 
𝑧𝑖: acoustic impedance of the material i 
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Figure 7.14: Contact pressure map [32] 
Therefore, using this methodology could be an interesting option to improve the 
precision of the pressure value used in the friction calculations. 
 
7.4. Effect of Interference Fit on Stiffness 
Interference fits not only affect the internal damping of the rotor; they also add to 
the bending stiffness of the system, so this effect should not be neglected when 
modelling the rotor. [14] 
To consider this effect, an experimental approach is introduced. It is a recent 
study carried out by researchers at the Far East University of Taiwan, which 
investigate the “Dynamic Effects of the Interference Fit of the Motor Rotor on 
Stiffness”. [14] In this paper, Shin-Yong Chen and his co-workers try to determine 
quantitatively the increase in local stiffness caused by the interference fit and to 
do so, they use an equivalent Young Modulus to represent the union between 
shaft and hub. 
First, they carry out modal tests only on the shaft to obtain its frequency response 
function, using an experimental set-up similar to the one in Figure 7.15, where 
the shaft is hung freely on a rope and is impacted with a hammer at various 
locations to obtain the vibratory response of the system. This is then transformed 
into the frequency response function, from which parameters such as the natural 
frequencies can be obtained. 
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Figure 7.15: Experimental set-up [14] 
Simultaneously, they create a finite element simulation, where they modify the E 
Modulus of the shaft until the results fit the ones obtained experimentally. In 
particular, they compare the natural frequencies and the frequency response 
functions until they are almost exact. This way they obtain an accurate value of 
the Young Modulus of the shaft, represented by E1. 
They repeat the same procedure after adding the disk to the shaft. A new set of 
experimental data is obtained and the FE simulation is repeated. Now, apart from 
the shaft with stiffness E1, the rotor is modelled as a mass element, and an 
equivalent local Young Modulus (E2) is defined to justify the increased local 
stiffness caused by the interference fit.  Once again, they modify the value of this 
equivalent E2 Modulus until the simulation matches the experimental data. 
After a series of experiments they conclude that bending stiffness is affected by 
the amount of interference. Besides, the equivalent Young Modulus E2 can be 
easily converted into the stiffness coefficient, since 𝑘 = 𝐸𝐼. 
 
Figure 7.16: Effect of interference on the equivalent Young's Modulus [14] 
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8. SELECTION OF MODELS 
After explaining in detail possible ways to model a rotordynamic system with 
internal friction, it is now time to select the most suitable representation that will 
enable the study of stability in built-up rotors.  
8.1. Model for the Rotor 
First, the model for the rotor is chosen without taking into consideration the nature 
of the friction force in the interference fit. The base model selected for the rotor is 
the modified Jeffcott rotor with linear internal viscous damping (§ 6.2.1).  
[
𝑚 0
0 𝑚
] [
?̈?
?̈?
] + [
𝑐 + 𝑐𝑖 0
0 𝑐 + 𝑐𝑖
] [
?̇?
?̇?
] + [
𝑘 𝑐𝑖𝛺
−𝑐𝑖𝛺 𝑘
] [
𝑥
𝑦] = [
𝑓𝑥(𝑡)
𝑓𝑦(𝑡)
] (43) 
 
It is clear by now that the viscous model, although perhaps not the most accurate, 
is the best one to work with thanks to its multiple advantages. It is mathematically 
simple and linear, so the principle of superposition applies. It can be studied like 
a second-order system, both in the temporal and frequency domains, useful in 
the parameter identification phase. For instance, the damping coefficient can be 
directly obtained from the logarithmic decrement and the stability analysis is a 
simple Eigenvalue calculation. Most importantly, an equivalent viscous model can 
be obtained, converting any other type of friction into viscous and inserting it into 
the equations of the rotor.  
This last characteristic is the main reason behind the choice of the Jeffcott rotor 
with internal viscous damping. Now, it is possible to consider the nature of the 
internal friction in the interference fit separately, seeking the best possible 
characterisation, and then simply convert it into an equivalent viscous factor. In 
fact, C.F. Beards even indicates that “a very useful method is to calculate an 
equivalent viscous damping coefficient such that the energy dissipated by the 
friction and viscous dampers are the same”. [8] 
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8.2. Model for the Interference Fit  
For the interference fit, the model can be chosen at two levels, either by 
considering the displacement to be micro- or macro-slip. It has been mentioned 
that the micro-slip formulation is more realistic than the macro-slip. However, Like 
J.S. Rao says, “Friction damping can be either due to Macroslip obeying Coulomb 
laws of friction or Microslip” [44] Therefore, two possible approaches are 
considered as potentially viable strategies and are described in the following 
sections.  
8.2.1. Macro-slip model 
From a macro-slip perspective, experiments have shown that material internal 
damping is mainly hysteretic, whereas Coulomb’s law best describes structural 
damping. [49] Since material damping in metallic rotors only accounts for a small 
part of the total energy dissipation, it is not considered in this model. However, 
the recommended approach to characterise the structural internal damping is 
through the equivalent viscous form of the Coulomb friction model. This is a viable 
procedure since the equivalent coefficient can be successfully embedded into the 
Jeffcott rotor model, providing both the advantages of the Coulomb and viscous 
models. 
First, the Coulomb friction force in an interference fit is described in § 7.1.1 as 
𝐹𝑓 = 𝜇𝑁 = 𝜇𝑝𝐴 = 𝜇𝑝𝜋𝑑𝐿 (44) 
 
This can be substituted into the equivalent viscous coefficient as shown below, 
to obtain an expression for  𝑐𝑖 that can be used in the global rotor model. 
𝑐𝑖 = 𝑐𝑒𝑞 =
4|𝐹𝑐|
𝜋𝜔𝑋
=  
4𝜇𝑁
𝜋𝜔𝑋
=
4𝜇𝑝𝑑𝐿
𝜔𝑋
 (45) 
 
The formula of the equivalent damping coefficient is simple, only depending on 
geometrical characteristics of the union (diameter and length), as well as the 
interface pressure and the coefficient of friction. These parameters can be 
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determined either from tabulated or calculated values, or through relatively easy 
experiments.  
Indeed, members of the Department of Mechanical and Aerospace Engineering 
at the University of Florida [48] used a similar method to model a shrink fit tool 
holder in a finite element analysis, what indicates the validity of such method.  
8.2.2. Micro-slip model 
As J.S. Rao mentions in his book History of Rotating Machinery Dynamics, 
“because of the tightness at high speeds, slip amplitudes get reduced and the 
friction is governed by contacts at asperity level rather than global Coulomb’s 
laws.” [43] This shows how a micro-slip model is in reality a more accurate 
representation.  
From the micro-slip models commented in § 5.4, the one considered to be the 
most suitable and, as a result, is proposed here as a viable alternative to the 
Coulomb model, is the Oloffson and Hagmann model. It has been chosen for two 
basic reasons. In the first place, the friction force has an uncomplicated 
expression, whose parameters are easily identifiable. The same cannot be said 
from other models, which are much more complicated and therefore impractical 
for a predictive model. 
𝐹𝑓 = 𝜇𝑝 [1 − (1 −
4𝐺′𝛿
𝜇𝐸′𝜆
)
5
2
] (46) 
 
Secondly and most importantly, there is an explicit expression for the energy 
dissipated during a stress cycle.  
𝑊𝑑 =
4
7
[14𝜇𝑝𝛿∗ +
𝑝
𝜇
3
2𝐸′
5
2𝜆
5
2𝐺′
(𝜇𝐸′𝜆 − 4𝐺′𝛿∗)
7
2 −
𝜇2𝐸′𝜆
𝐺′
− 7𝐹∗𝛿∗] (47) 
 
This enables the calculation of the equivalent viscous coefficient using the 
formula below. The equivalent coefficient can then be inserted into the global 
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model of the rotor in the same way as it would be done with the Coulomb 
equivalent factor. 
𝑐𝑖 = 𝑐𝑒𝑞 =
𝑊
𝜋𝜔𝑋2
 (48) 
 
Thanks to this equivalent coefficient, it is possible to take advantage of the micro-
slip friction in the union, which is known to be more accurate, and then using it in 
the global model of the rotor to study how it affects its dynamic behaviour. 
 
8.3. Summary of Selected Models 
As a last remark, this diagram summarises the proposed models, both for the 
overall rotor as for the union. It also shows how the friction models of the 
interference fit can be inserted into the model of the rotor by means of the 
equivalent viscous damping coefficient.  
 
Figure 8.1: Summary of selected models and how they can be combined 
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9. ADDITIONAL CONSIDERATIONS 
Apart from the selection of the best possible mathematical model, there are other 
important factors to be taken into account when creating a model that will be 
adequate to analyse the stability of a rotor.  
Logically, a model’s accuracy is directly proportional to that of its parameters. 
Using tabulated or analytical values is simple and efficient, but only a mere 
approximation, and to achieve a greater precision, time-consuming and 
sometimes costly experiments are necessary. Here, a variety of approaches are 
proposed to determine the key parameters, which would add more detail and 
accuracy to the models selected in the previous sections. 
Another important aspect to be considered is the uneven pressure distribution. 
Until now, it has been mentioned several times that interface pressure is not 
uniform, although no attempt has been made to introduce this fact into the model. 
In this section, a method to include the effect of the load distribution in the model 
is proposed. 
9.1. Accuracy of Parameters 
9.1.1. Pressure 
The most relevant parameter in a built-up rotor is interface pressure. This is 
because structural internal damping is highly influenced by the tightness of the 
union [8] and its qualitative value is required for the friction formulas in both the 
macro- and micro-slip models.  
The simple and classic method is to calculate pressure using Lamé’s equations 
(§ 7.3.1). However, this only provides an approximate average value. The 
recommended approach, to increase the accuracy of the predictions, is to obtain 
the real pressure using, for instance, the ultrasound technique described in § 
7.3.2. This is an adequate practice, since it is non-destructive and relatively 
simple once the calibration is made. 
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9.1.2. Friction coefficient 
Another key parameter is the Coulomb friction coefficient μ. Although this factor 
can be found in multiple sources in literature, it is worth mentioning that these 
tabulated values have been obtained under a set of circumstances (geometry, 
lubrication, etc.) Unless the real set-up has similar conditions, they should not be 
used, since that would introduce too much error into the calculations. 
 A method to calculate the friction coefficient is explained in § 7.2.1. This is a 
suitable way of determining the factor experimentally; bearing in mind that the 
sample plates used should be as similar as possible to the materials used in the 
union. Otherwise, the result of this test would be inappropriate for use in the 
model 
The friction coefficient is only needed to calculate the friction force at the union, 
which in reality can be measured directly, as mentioned in § 7.2.2. Nevertheless, 
this approach is not recommended, since it involves the destruction of prototypes, 
what is costly and time-consuming and does not actually provide additional 
benefit or accuracy to the calculations. Hence, it is advisable to calculate the 
friction force using a precise value of μ and of the pressure instead of trying to 
measure it. 
9.1.3. Stiffness 
Stiffness is the resistance to deformation or a measure of the rigidity of a material. 
In its most general form, it is defined as a “load divided by a deformation”, [7] 
what leads to a variety of designations that depend on the nature of the system. 
It can be represented by a spring, whose coefficient is determined after dividing 
the force by the deformation (k=F/x), or by the material stiffness or Young’s 
Modulus (k=EI). Still, when studying lateral vibrations in rotordynamics, the 
bending stiffness of the shaft is generally used, which depends on the Modulus 
of Elasticity and the moment of inertia of the section. [54] 
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Figure 9.1: Jeffcott rotor model [54] 
The bending stiffness can be calculated assuming that the shaft is composed of 
two cantilevered beams fixed at the centre of the disk, as A. Srinivasan does in 
his thesis. [49] However, this method does not take into account the effect of the 
interference fit on overall stiffness. 
𝑘 = 2 (
3𝐸𝐼
𝐿3
) (49) 
𝐸: Modulus of Elasticity  𝐼: Moment of Inertia 𝐿: Length of the shaft  
 
Nevertheless, it has been said already that an interference fit affects the bending 
stiffness of the system, as well as its damping. Consequently, its effect should 
not be neglected, especially, given that a simple method to obtain such stiffness 
exists. It is a non-destructive test which compares modal test data with a finite 
element simulation to obtain an equivalent Elasticity Modulus that accounts for 
the added stiffness. This has been covered in more detail in § 7.4 and it is the 
recommended approach when a more accurate model is desired. 
 
9.2. Consideration of Pressure Distribution 
Pressure is not homogenous along the union. It is known to be greater at the 
edges than at the centre, so it may be wise to divide the length of the interference 
fit into, for example, three parts to consider the areas with a larger pressure 
separately. Doing this is the same as presuming that the joint is actually made up 
of three joints in series, each with a different length and pressure (Lk, pk, k=1,2,3).  
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Figure 9.2: Division of the interference fit 
Therefore, a coefficient of internal friction can be obtained for each of the sections 
(𝑐𝑖𝑘), and then converted into an equivalent factor to be used in the models 
mentioned above. This procedure is viable because the viscous friction model is 
linear, so the principle of superposition applies.  
 
Figure 9.3: Model of the internal dampers in series 
Since the dampers are in series, the equivalent damping constant is [46] 
𝑐𝑖 =
1
1
𝑐𝑖1
+
1
𝑐𝑖2
+
1
𝑐𝑖3
 (50) 
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Now, the problem is to determine the length and pressure of each section. This 
can be done in two ways, either analytically or experimentally.   
The experimental procedure is the same as the one used to measure the real 
interface pressure explained in § 7.3.2. If the pressure is plotted against position, 
it can be visually seen where each section starts and ends, and a value for the 
pressure of each section can be taken.  
For the analytical procedure, a previous study must be made, to determine the 
influence of the edge effect on pressure distribution should be carried out.  
The following image, taken from the research paper “Measurement of Interface 
Pressure in Interference Fits” by Lewis, Marshall and Dwyer-Joyce shows how 
contact pressure varies along the union. The three lines correspond to different 
levels of interference (0,075; 0,025 and 0,05 mm).  
 
 
Figure 9.4: Pressure along the union for three levels of interference [32] 
It is not very accurate to make a prediction based on only this set of data, but for 
a first approximation, it could be said that the effect of the edges affects ~10% of 
the total length on each side. This could be used to calculate the lengths of each 
of the sections. 
𝐿1 = 𝐿3 = 0,1𝐿 𝐿2 = 0,8𝐿 (51) 
The pressure at the centre is known to coincide with the outcome of Lamé’s 
equations, so by multiplying it by a factor, the pressure at the edges can be 
calculated. To determine this factor, Figure 9.4 is examined again. With the 
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exception of the 0,075 mm fit, for the other two it could be said that the pressure 
at the edges is approximately twice that at the centre. 
𝑝1 = 𝑝3 = 2𝑝2 (52) 
Where 𝑝2 is calculated using Lamé’s equations (§ 7.3.1).  
These factors have been roughly determined using only one set of data, what 
makes them inaccurate, but a more extensive study could be made to try to 
improve the estimate.  
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9.3. Summary of Additional Considerations 
There are always at least two possible ways of obtaining the parameters needed 
for the modelling of the real system. Generally, there is a less accurate method, 
which involves the use of tabulated values or simple analytical formulas. On the 
other hand, there is also a more accurate method, which tends to be based on 
experimental test. 
For almost all the parameters (μ, p, k, L), the accurate method is recommended, 
since this will reduce the errors during modelling and produce more reliable 
outcomes when doing a simulation. Yet, for the friction force it is advisable to 
calculate it using one of the models mentioned (either for macro- or micro-slip), 
instead of measuring it directly. This is because the experimental procedure 
required to measure the friction force is destructive and costly. Besides, it is 
believed that when the force is calculated using accurately obtained factors, the 
result should also be reliable.   
Moreover, the interference fit can be treated as a whole, using one single 
averaged value of pressure to characterise it all, or it can be divided into sections. 
By separating the union into three elements in series, it is possible to take into 
consideration the effect of the edges and the increase in pressure. 
Finally, the macro-slip model is preferred to the micro-slip. This is because the 
Coulomb friction model is more a generalised and accepted characterisation of 
friction, with which scientists and engineers have been working for more than 200 
years. Although classified as a macro-slip model, by using the static friction 
coefficient it is possible to calculate the force just before the actual sliding takes 
place, what is appropriate when dealing with friction at an interference fit. 
Besides, even though the Olofsson and Hagmann model is probably a more 
accurate representation of the micro-slip friction, it is a new model with only a few 
sources of reference and no known validation. Hence, the recommendation is to 
use the Coulomb model to represent the friction at the interface of the joint. 
The following table summarises all the possible choices that can be made when 
choosing the model and the parameters.  Although any combination is feasible 
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and would probably yield good results, the recommended strategy believed to 
provide the highest reliability to the predictive model is highlighted below.  
 
 Less accurate method More accurate method 
Friction model for 
the interference fit 
Macro-slip 
Coulomb friction 
Micro-slip 
Olofsson and Hagmann  
Friction force 
𝑭𝒇 
Calculated 
𝐹𝑓 = 𝜇𝑁 = 𝜇𝑝𝐴 = 𝜇𝑝𝜋𝑑𝐿 
or 
𝐹𝑓 = 𝜇𝑝 [1 − (1 −
4𝐺′𝛿
𝜇𝐸′𝜆
)
5
2
] 
Measured 
 
Destructive experiment on 
sample interference fit 
Friction coefficient 
𝝁 
Tabulated values 
from external sources 
Measured 
Sliding plates experiment 
Pressure 
𝒑 
Calculated 
Lamé’s Equations 
Measured 
Ultrasound method 
Stiffness 
𝒌 
Calculated 
Cantilevered beam (ignore 
effect of interference fit) 
Equivalent E Modulus 
Consider effect of 
interference fit 
Length of the 
union 
L 
L 
 
Consider the interference 
fit as a whole 
L1 + L2 + L3 
Divide the union into three 
in series to consider 
pressure increase at the 
edges 
Length/Pressure 
of each section 
Analytically 
𝐿1 = 𝐿3 = 0,1𝐿 
𝐿2 = 0,8𝐿 
𝑝1 = 𝑝3 = 2𝑝2 
Measured 
From the plot of real 
pressure vs. distance  
(Ultrasound method) 
 
Table 3: Overall summary of methods and recommended strategy (highlighted)
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10. CRITICAL EVALUATION OF SELECTED MODELS 
10.1. Advantages 
Using the Jeffcott rotor model with linear viscous damping as the overall model 
of the system has a series of advantages. In the first place, it is possible to 
integrate almost any other type of friction mechanism into the model, by a simple 
conversion into an equivalent viscous damping factor. This is beneficial, since 
most damping models are mathematically complex to work with, so after this 
conversion they can be treated like a simple linear viscous model. 
Besides, being a linear model, different energy dissipating mechanisms can be 
evaluated simultaneously, by superposing them. This leaves the model open, for 
example, to the possible future consideration of material hysteretic damping. 
Although in this paper it has been neglected, it is probable that at some point the 
need to include it arises. This can be made by simply adding the equivalent 
viscous damping term corresponding to the hysteretic friction, after finding a 
suitable way of determining the loss factor of the material.  
10.2. Limitations  
However, the Jeffcott rotor also has a number of limitations that should be taken 
into account, especially when making predictions. First, it is important to state 
that any model, including the most complex one, is a mere representation of 
reality, so it is not possible to simulate the behaviour of the system with a 
hundred-percent accuracy.  
Besides, the model presented here is of a simple nature, so it does not take into 
account many of the intrinsic complexities present in a rotordynamic system. For 
instance, it is linear, although damping is known to have non-linear properties. 
Using a linear model has many advantages, since the principle of superposition 
applies and the mathematical treatment is relatively simple. However, it is 
incapable of modelling the non-linear behaviours correctly. This is a disadvantage 
when studying the micro-slip and friction in the interference fit, where the stick-
slip effect brings about nonlinearities. Still this problem can be overcome by 
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considering friction during a micro-slip and then converting it into the equivalent 
viscous factor, as described in § 8.2.2. 
Additionally, all the modal parameters are considered constant to reduce the level 
of complexity. Still, there are many factors that may influence vibrations and 
damping, such as lubrication, temperature or humidity, which are not 
acknowledged.  
Furthermore, the Jeffcott rotor model does not consider the gyroscopic effect 
present in rotating bodies, which in reality affects the position of the natural 
frequencies of the system. This may not be very important for a stability analysis, 
although it should be taken into account for broader studies.  
Finally, the Jeffcott rotor assumes complete symmetry in the X and Y directions, 
which tends to be an oversimplification; most real machines have stiffness 
asymmetries in the bearings and sometimes even in the disk or shaft. [54] 
 
-62- 
 
 
11. POSSIBLE EXPANSIONS AND FUTURE RESEARCH 
Thanks to the features of the linear viscous model selected for the rotor in § 8.1, 
it is possible to expand the model, adding other sources of damping apart from 
the structural internal damping or even considering the gyroscopic effect.  
11.1. Adding Material Internal Damping 
The model could be improved by adding the effect of material internal damping. 
It has been said before that this type of internal damping can be neglected when 
compared to structural damping in metallic rotors, so it was not included in the 
model. However, with the increase in use of composite materials to build shafts 
it may be necessary to include its effect eventually. For that reason, it is wise to 
know how to include it in the model. 
Material internal damping is hysteretic, where its equivalent viscous coefficient is 
calculated as 
𝑐𝑖𝑚 = 𝑐𝑒𝑞 =
𝑘𝜂
𝜔
=
ℎ
𝜔
 (53) 
Now, the coefficient of internal friction is the sum of two terms, thanks to the 
principle of superposition. One corresponds to the damping in the structure and 
the other in the material. 
𝑐𝑖 = 𝑐𝑖𝑠 + 𝑐𝑖𝑚 
(54) 
This can be directly inserted into the equation of motion of the system,  
𝑚?̈? + (𝑐 + (𝑐𝑖𝑠 + 𝑐𝑖𝑚))?̇? + (𝑘 − 𝑗(𝑐𝑖𝑠 + 𝑐𝑖𝑚)𝛺)𝑧 = 𝑓𝑧(𝑡) 
(55) 
 
The only challenge here is to determine the value of the hysteretic coefficient h, 
although multiple methods exist depending on the type of material. For 
viscoelastic materials, a standard procedure stipulated by the ASTM E756-93 is 
the Oberst Beam Method. [21] 
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11.2. Adding the Gyroscopic Effect 
Another aspect which has been neglected is the gyroscopic effect, which brings 
about changes in the calculated critical speeds. [54] This is particularly important 
when more than one disk is mounted on the rotor. The effect can be easily 
integrated into the equation of motion of the system, through the gyroscopic 
coefficient 𝒢, as was done by Mohamed A. Khandil in his thesis “On Rotor Internal 
Damping Instability”. [29] 
𝑚?̈? + (𝑐 + 𝑐𝑖 − 𝑗𝛺𝒢)?̇? + (𝑘 − 𝑗𝑐𝑖𝛺)𝑧 = 𝑓𝑧(𝑡) (56) 
 
The condition of stability is 
𝛺2 <
𝑘(1 +
𝑐
𝑐𝑖
)2
𝑚 − 𝒢(1 +
𝑐
𝑐𝑖
)
 (57) 
 
In fact, when 𝒢 = 0, this is the same condition as that mentioned in § 6.2.1. It can 
be seen that the gyroscopic effects helps to stabilise the system, since it 
increases the threshold speed of instability, so taking it into account would help 
yield better results. Once more, the challenge here is to determine a quantitative 
vale for the coefficient, to implement it in the model.  
 
11.3. Future Research 
Apart from the possible expansions to the model presented above, there are other 
things which can be done, either to improve or complement what has been 
outlined in this paper. The research on this topic does not end here, so a few 
suggestions are made on future work. 
This thesis proposes a theoretical model for a rotor, which takes into 
consideration the structural internal friction present in an interference fit. First, it 
would be recommendable to validate the models proposed experimentally, to 
determine whether they are actually viable. This should be done by carrying out 
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a stability test, running a simulation to obtain the frequency response function of 
the system and then compare it to real experimental data obtained from a test 
rig. 
Besides, in § 9.3, a classification is made, separating the “less accurate methods” 
from the “more accurate” ones. The proposed strategy involves obtaining almost 
all the parameters experimentally, what supposedly adds reliability to the 
predictive model. However, it would be wise to compare the results obtained by 
using only “less accurate” tabulated values with those using only experimental 
values, to see if the extra effort is really worth it. Perhaps using tabulated and 
calculated values for the parameters is enough to make suitable predictions.  
Another possible improvement would be to do a finite element simulation of the 
whole rotor. This would provide a more exact characterisation of the system, in 
particular of the interference fit, which could be discretised into a fine mesh, 
where each element would contain a value of pressure. This is a much better 
alternative to the division proposed in § 9.2.  
In fact, a FEM would also be suitable if a more complex rotor is to be modelled. 
So far, the system analysed was a simple one-disk rotor mounted in the middle 
of a uniform shaft. However, real rotors tend to be more complicated, with more 
than one disk, shafts with a changing diameter and sometimes with asymmetrical 
features. Such intricacies can only be correctly described using an elaborate finite 
element model.  
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12. CONCLUSION 
This thesis has outlined the topic of rotordynamic instability caused by internal 
friction in built-up rotors. It has provided an overview of some key rotordynamic 
concepts, as well as a suitable strategy to verify stability. It consists on the 
determination of a predictive model for the rotor, which includes the effect of the 
internal damping found in the interference fit. In addition, a method to quantify the 
internal damping coefficient has been proposed.  
After researching numerous models for both the rotor and the interference fit, the 
most appropriate has been selected. The combination that works best is to use 
the linear viscous model as basis for the rotor and then convert the friction at the 
interference fit into an equivalent viscous coefficient, whose energy dissipation 
would be equal. Thanks to this equivalent factor, it has been possible to propose 
two models for the friction at the interference fit, either considering the relative 
movement macro- or micro-slip. Although the relative rubbing occurring at a fit 
during rotation is certainly on the micro scale, it is recommended to use the 
macro-slip Coulomb model instead. Besides, emphasis has been made on the 
accuracy of parameters, which is believed to be of most importance if the 
outcome of the simulations needs to be reliable. Therefore, several experimental 
methods have been commented, which provide alternative ways of obtaining 
important parameters such as the friction coefficient, pressure or stiffness.  
Finally, the proposed model is of a simple linear nature, but thanks to this, it can 
be expanded to include other complexities, such as material internal friction 
(previously neglected), or the gyroscopic effect.  
It is believed that the objective of this thesis has been fulfilled, since a suitable 
strategy to determine the internal damping coefficient in a rotating interference fit 
has been proposed. Although a validation is required, the model proposed here 
should be able to predict the behaviour of a built-up rotor with internal damping 
and help conclude when an instability is bound to occur. This is particularly useful 
in the design and construction phases of the development of the rotor, to avoid 
certain characteristics or running conditions that may lead to instabilities.
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A. APPENDIX : COORDINATE TRANSFORMATION  
In the study of rotordynamics, it is important to take into account that the system 
is rotating, when analysing its dynamics. Since the mechanism rotates at a speed 
Ω, it is useful to work with a coordinate system that rotates with it. [36] 
 
Figure A.1: Fixed and rotating coordinate systems as in [36] 
The fixed coordinate system X-Y is related to the rotating coordinates ξ-η by the 
following expression 
 
{
𝜉
𝜂
} = [
𝑐𝑜𝑠𝛺𝑡 𝑠𝑖𝑛𝛺𝑡
−𝑠𝑖𝑛 𝛺𝑡 𝑐𝑜𝑠𝛺𝑡
] {
𝑥
𝑦} 
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